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Exponential Distribution
Definition — A continuous r v is said to follow Exponential Distribution
With parameter 0 if its pdf is given by
fix)=0 e ™, x>0
=0 otherwise

To check whether f(x )isthepd f
Jy fx)dx =[]0 e™*®dx = 1

To find Cumulative distribution function (C D F)

—-0x e
F(X)Z P[X < X] — foxe e—XB dx = 0 [e_e ] { limits fromoto x }

F(x) = 1—e 0%

To find the moment generating function

M) =E[e™] =[70 ¢% e™® dx
=0f e e dx = 6f e ®-D¥dx
=[0/(0-t)] =1/(1-t/0) = (1- /)"
= 1+t/0+ t/0°+t/ 0+t 0" +-

i, = Coefficient of t' /r ! in the expression of M,(t)
Ther " term = [t/r!][r!/ 6] multiply and divide by r!

Uy = rl/or



Giving different values to r

r=1, yy=mean=1/6

r=2, up,=21/6>=2/6

Variance =) - [u]* =1/ 6

Standard Deviation= 1/6

Therefore for Exponential Distribution

Mean = Standard Deviation=1/6

Lack of memory property of Exponential Distribution

Example : The life time of an electric bulb follows Exponential
Distribution .It can be seen that the conditional probability that the
electric bulb runs for at least ( a+b) units of time given that it has already
run for “a” units of time is same as the probability that it runs for at
least “b” units of time.That it does not take into consideration the
information that it has already run for “a’units of time.In this sense it is
said that Exponential Distribution lacks in memory.

To show that P[X>a+b / X>a]=P[X>Db]
P[X>atb / X>a] =P[X>atb N X>a]/ P[X>a]

=P[X>a+b ]/ P[X>a] - (1)
Now distribution function for expo distis F(x) ~ 1 — e %*

Now consider the Numerator in equation (1)

P[X>a+b | = 1- P[X< atb | =1-F(a+b)



—1- [1_ 8—9(a+b) ]
— e—9(a+b)

Similarly Denominator P[X>a] = e—ab

Therefore P[X>a+b / X>a] = e~ 9(a+bh) ; g—ab
_ o bo
= P[X)b] — e—@(a+b)

Gamma Distribution

There are two types of Gamma Distributions depending upon the
number of parameters.

1) One parameter Gamma Distribution

2) Two parameter Gamma Distribution

One parameter Gamma Distribution

Definition : A continuous R V X is said to follow Gamma Distribution
With parameter m if its p.d.f. is given by

m-1

f(x)=1/rm e~ x : X>0
=0 otherwise

We denote this as x ~y (m)

The integral | OOO e Xx™™1 dx is called gamma integral whose value

1S rm.

Therefore [ e *x™ ' dx =rm



_f e Xxm-1 4y =1 = f(:o f(x)dx =1

= f(x) is a p.d.f.

To find m g f of one parameter Gamma Distribution

M) =E[e™] = [ e™ f(x) dx
_f e~ X xm- 1 dx

1 0 _1_ -
:_m fo e (1 t)XXm 1 dx
r

1 "

rm (1-t)y-m
M,(t) =(1-t) ™

To find moments using m g

r_1 @ _
Hi= [ M(D ] att=0

Mean = y; = m

2

p=los M(® ] att=0 gives m(m+1)
pp=m(m+1)
Variance = puj - [} ]

=m(m+1)—m2 =m

For one parameter Gamma Distribution Mean=Variance=m



Addtivity Property of the one parameter Gamma Distribution

| § D, ST, G X, are n independent gamma variates with parameters m; ,m,
et m, respectively then ) Xi follows gamma distribution

with parameter Ymi  ie YXi ~ 7Y (3 mi)
Proof - Given Xi ~ Y (mi)
Therefore M, (t) = (1-t) ™ =123 ... n
Myxi (1) = M (t) Mo(D) ... Mn(t)
=(1-0) ™a-0™ ... (1-t) ™
(1-p ™
Which is the m g f of y variate with parameter "' ie

2Xi ~ Y (X mi)

Two parameter Gamma Distribution
Definition : A continuous R V X is said to follow Gamma Distribution

With parameters a and m if its p.d.f. is given by

_ 4 m -ax m-1
fx)=— e x ;X >0
rm

=(0 otherwise

We denote this as x ~y (a, m)



If we put a =1 in this p d f ,we get the pdf of one parameter gamma
distribution. So one parameter gamma distribution is a particular case of

Two parameter Gamma Distribution

Also the integral |, Ooo e”% x™~1 dx is the gamma integral with value

am

|-m

Therefore a:l foooe—ax xm—l dx =1
r

=> [ f(x)dx =1

= f(x)is ap.d.f.
Tofindmgf
M) =E[e™] = [~ e™ f(x) dx
Y tx ﬂ -ax m-1
=J, e X dx

a™ oo _,_ -1
=— fo e-(@Dx x ™l gqx
-
m

a rm
rm (a—t)m

M) =(=)"

=( = )" TA-t/a)"

M) =-m (1-t/a)™" (= =)

= = (1~-t/a)™™!



, d
wi=lg M ] at t=0 =7

) d?
p= 5 M0 ] att=0

m m+l

=l @—t/ay™h =2

a a

) (1 - t/a)y™?

I _ d_z _ _ m(m+1)
U= [dtz Mx(t) ] att=0 = a2

m(m+1) ( m)Z

a? a

Variance = uj - [u]* =

Variance = ub - [u}]* = %

Examples - 1)IfthemgfofarvXis (1—1t)*

Identify the distribution and state its p d f, mean and variance
2)Ifthemgfofarv Xis

i) (1 —1t/2)73 Identify the distribution and state its p d f, mean and variance.
ii) (1 —3t)™> Identify the distribution and state its p d f, mean and variance.
Addtivity Property of the two parameter Gamma Distribution

If X, Xoiiiinnnnns X, are n independent gamma variates with parameters

(a,my ),(8,M) 5eenveenninneiiinninnens (a,m, ) respectively then ) Xi follows gamma
distribution with parameter (a,) mi)

ie YXi ~7V(a) mi)
Proof - Given Xi ~ Y (a, mi)
Therefore My(t) = (I-t/a) ™ i=12.3..... n
Msxi (t) = Mxi(t) Mxa(0) ... M ()
=(1- t/a) ™(1-t/a) ™ ... (1- t/a) ™



(1- t/a) =™
Which is the m g f of gamma variate with parameter a and Y mi

Therefore by uniqueness theorem of m g f

SXi ~Y (a ¥ mi)

But if the parameter a is different for different random variables then
> Xi will not follow gamma distribution and so the additivity property
will not hold good in that case.

Beta distribution

):M

Beta function — The beta function is defined as B (m,n —
-

The integral fol x™m 11 —x)" 1 dx
Is called as beta integral of first kind and its value is B (m,n)

1 L om-1,9 _ . \n-1 4y —
Thereforeﬁ(m'n) Jo x™ (A =) dx =1 (1)

Beta distribution of first kind

A continuous R V X is said to follow Beta Distribution of first kind

If its p.d.f. is given by

fx) =

1
B (m,n)

x™m (1 —x)n if 0< x< 1

= 0 otherwise

We denote this as x ~ 3; (m,n)



Moments

h
The r " raw moment

W =E[X"]=— - fol x™ 1 (1 —x)" 1 x"dx

B (m
— 1 flx(m+r)—1 (1 _ x)n—l dx
B (m,n) “0
= B(m+1,n) =
B (mn) ’
_ |—m+n |—m+r m rm+1’l rm+7‘ (2)
_rm rn rm+7’l+T - rm rm+n+r
+ +1
Putr=1 => =" L=  But rm+1=m pm
rm rm+n+1
r_ m
Mean= pu; = —

uy =E [X?] ,putting r =2 in the expression for .

= rm+n rm+2
rm rm+n+2
_rm+n m(m+1) rm _ m(m+1)
B rm (m+n)(m+n+1) pm+n T (m+n)(m+n+1)
. m(m+1) m 2
Variance = pj - [u]° = - [—
Uz - [l (m+n)(m+n+1) [m+n]
i _ mn
Variance

(m+n)?2(m+n+1)



Harmonic Mean = H = —1)
X

l - 1 11 m-1 _ n-—1
E(x) = T Jy —x™ (1 —x)" T dx

1 —
B(mn)f (m 1)— 1(1 x)n 1dX

_rmin  m-1m

( rmm  rm+n+1

Beta distribution of second kind

A continuous R V X is said to follow Beta Distribution of second kind
with parameters m and n if its p.d.f. is given by

1 xm 1
B (mn) (1+x)(m+n)

, ((mn) >0 if 0<x<oo

f(x) =
= 0 otherwise

We denote this as x ~ 3, (m,n)

Constants of Beta distribution of second kind

LSBT = e [T
K= gamm Jo X X
1 f x(r+m) 1 1 dx

(1+x) (m+r+n-7)

~B(mn)



B(mn)B(m+rn—r)

— |—m+n |-m+r rn-r _ rm+7‘ m-r n>r
rmrn rm+7’l rm rm

Giving different values to r

_ y _ m(m+1)
r=2 2 = i—Dm-2)

Variance = pj - [u}]”

_ m(m+n-1)
- (n—1)2(n-2)

The harmonic mean H is given by

Harmonic Mean = H = —
E(3)
1 1 1 o1l xMm1
7= P = lo REESICEDI

1 xm—z

T8 (mn) * (1+x) MmN

1 xm—1—1

_B (m,n) (1+x)(m—1+n+1)

dx

— >
B(mn) B(m—1,n+1) ,m>1

On simplification



n-—1

= = Therefore H="—
m






